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1 Introduction
We consider the following Cauchy problem of the asymmetric dissipative
wave equation,


utt − ux1x1 = △ut, x = (x1, x2, · · · , xn) ∈ Rn, t > 0,
u(x, t)|t=0 = u0(x),
ut(x, t)|t=0 = u1(x),
(1.1)
where △ = ∂2x1 + ∂2x2 + · · ·+ ∂2xn, n ≥ 3, and u0, u1 are given functions.
Equation (1.1) is an asymmetric wave equation with dissipation and arises
in the study for the magneto-hydrodynamics (see [2]). Due to the asymmetric
structure of (1.1), the energy method fails in making the Lp − Lq estimates,
and new difficulties arise in the study for this equation in contrast to that
for the symmetric semilinear and nonlinear wave equation (see [1, 3, 4, 5, 6,
∗email: yqliu2@yahoo.com.cn
†email: yizhou@fudan.ac.cn
1
7, 8, 9]). In this paper, we obtain the Lp − Lq estimates on the solutions to
(1.1) by using the method of Green function combined with the technique of
Fourier analysis.
Notations. We denote generic constants by C. Lp(1 ≤ p ≤ ∞) is the usual
Lebesgue space with the norm ‖ · ‖Lp, Wm, p, m ∈ Z+, p ∈ [1,∞] denotes the
usual Sobolev space with its norm
‖f‖Wm, p := (
m∑
k=0
|∂kxf |pp)
1
p .
2 Green function
The corresponding Green function to (1.1) satisfies the following equation,


Gtt −Gx1x1 = △Gt, x ∈ Rn, t > 0,
G(x, t)|t=0 = 0,
Gt(x, t)|t=0 = δ(x).
(2.2)
By Fourier transformation we get that


Gˆtt + |ξ|2Gˆt + ξ21Gˆ = 0, ξ = (ξ1, ξ2, · · · , ξn) ∈ Rn, t > 0,
Gˆ(ξ, t)|t=0 = 0,
Gˆt(ξ, t)|t=0 = 1.
(2.3)
It yields that
Gˆ(ξ, t) =
eλ+t − eλ−t
λ0
,
where λ± =
−|ξ|2±
√
|ξ|4−4ξ21
2
, λ0 =
√
|ξ|4 − 4ξ21 .
By Duhamel’s principle we know that the solution to (1.1) can be ex-
pressed as following,
u(x, t) = (∂t −△)G ∗ u0(x, t) +G ∗ u1(x, t). (2.4)
Denote A = {ξ ∈ Rn; |ξ|2 ≤ 2|ξ1|}, B = {ξ ∈ Rn; |ξ| < 1}, E = {ξ ∈
R
n; |ξ1| ≤ |ξ′|}, ξ′ = (ξ2, · · · , ξn), and Dr = {ξ ∈ Rn; |ξ|2 ≤ r|ξ1|}, r > 2.
Define Ac the complete set of A, and Bc, Dcr, E
c can be defined similarly.
By direct calculation and induction we have the following lemma.
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Lemma 2.1
∂t(∂t + |ξ|2)Gˆ(ξ, t) = −ξ21Gˆ(ξ, t),
∂2t (∂t + |ξ|2)Gˆ(ξ, t) = −ξ21Gˆt(ξ, t).
∀h ≥ 1, if ξ ∈ B, then
∂2ht Gˆ(ξ, t) = O(|ξ|2h)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t),
∂2h+1t Gˆ(ξ, t) = O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t),
∂2h+1t (∂t + |ξ|2)Gˆ(ξ, t) = O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t),
∂2h+2t (∂t + |ξ|2)Gˆ(ξ, t) = O(|ξ|2h+4)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t).
If ξ ∈ Bc, then
∂2ht Gˆ(ξ, t) = O(|ξ|4h−2)Gˆ(ξ, t) +O(|ξ|4h−2)Gˆt(ξ, t),
∂2h+1t Gˆ(ξ, t) = O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t),
∂2h+1t (∂t + |ξ|2)Gˆ(ξ, t) = O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t),
∂2h+2t (∂t + |ξ|2)Gˆ(ξ, t) = O(|ξ|4h+2)Gˆ(ξ, t) +O(|ξ|4h+2)Gˆt(ξ, t).
By direct calculation we have the following estimates on Gˆ(ξ, t) and Gˆt(ξ, t).
Lemma 2.2 If ξ ∈ Dr, r > 2, then
|Gˆ(ξ, t)| ≤ te−m2 |ξ|2t, |Gˆt(ξ, t)| ≤ (1 + |ξ|2t)e−m2 |ξ|2t,
here, m = 1−
√
1− 4
r2
.
Proof. If ξ ∈ A, then |ξ|4 ≤ 4ξ21. In this case,
Gˆ(ξ, t) = e−
|ξ|2
2
t · e
√
|ξ|4−4ξ2
1
2
t − e−
√
|ξ|4−4ξ2
1
2
t√
|ξ|4 − 4ξ21
= te−
|ξ|2
2
te
θ(ξ)
√
|ξ|4−4ξ2
1
2
t,
for some θ(ξ) ∈ (−1, 1). It yields that |Gˆ(ξ, t)| ≤ te− |ξ|
2
2
t.
Similarly, we have that
|Gˆt(ξ, t)| =
∣∣∣∣e
λ+t + eλ−t
2
− |ξ|
2
2
Gˆ(ξ, t)
∣∣∣∣ ≤ (1 + |ξ|2t)e− |ξ|
2
2
t.
If ξ ∈ Ac ∩Dr, then 4ξ21 < |ξ|4 ≤ r2ξ21 . In this case,
Gˆ(ξ, t) = te−
|ξ|2
2
te
θ(ξ)
√
|ξ|4−4ξ2
1
2
t ≤ te−
1−
√
1− 4
r2
2
|ξ|2t.
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Similarly, we have that
|Gˆt(ξ, t)| ≤ (1 + |ξ|2t)e−
1−
√
1− 4
r2
2
|ξ|2t.
So the lemma is proved. 
Denote Gˆ1(ξ, t) = χ(ξ)Gˆ(ξ, t), where χ ∈ C∞0 (Rn), suppχ ⊂ Dr+1 and
χ|Dr = 1. Then we have the following estimates on Gˆ1(ξ, t).
Lemma 2.3 For any multi-index α and non-negative integer l, we have that,
(1). ‖(·)α∂ltGˆ1(·, t)‖L∞ ≤ Ct−
|α|
2
−[ l−1
2
],
(2). ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖L∞ ≤ Ct−
|α|
2
−[ l
2
],
(3). ‖(·)α∂ltGˆ1(·, t)‖L2 ≤ Ct−
|α|
2
−[ l−1
2
]−n
4 ,
(4). ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖L2 ≤ Ct−
|α|
2
−[ l
2
]−n
4 ,
(5). ‖(·)α∂ltGˆ1(·, t)‖L1 ≤ Ct−
|α|
2
−[ l−1
2
]−n
2 ,
(6). ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖L1 ≤ Ct−
|α|
2
−[ l
2
]−n
2 ,
where [·] is Gauss’ symbol.
Proof. By using lemma 2.1 and lemma 2.2 we give the proof.
(1). As l = 0,
|ξαχ(ξ)Gˆ(ξ, t)| ≤ C|ξ||α|te−m2 |ξ|2t ≤ Ct− |α|2 +1.
As l = 1,
|ξαχ(ξ)∂tGˆ(ξ, t)| ≤ C|ξ||α|(1 + |ξ|2t)e−m2 |ξ|2t ≤ Ct−
|α|
2 .
For h ≥ 1, as l = 2h,
|ξαχ(ξ)∂2ht Gˆ(ξ, t)|B = |ξαχ(ξ){O(|ξ|2h)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|
≤ C|ξ||α|+2h(t+ 1 + |ξ|2t)e−m2 |ξ|2t ≤ Ct− |α|2 −h+1,
|ξαχ(ξ)∂2ht Gˆ(ξ, t)|Bc = |ξαχ(ξ){O(|ξ|4h−2)Gˆ(ξ, t) +O(|ξ|4h−2)Gˆt(ξ, t)}|
≤ Ct− |α|2 −2h+2 ≤ Ct− |α|2 −h+1;
4
as l = 2h+ 1,
|ξαχ(ξ)∂2h+1t Gˆ(ξ, t)|B = |ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|
≤ Ct− |α|2 −h,
|ξαχ(ξ)∂2h+1t Gˆ(ξ, t)|Bc = |ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|
≤ Ct− |α|2 −2h+1 ≤ Ct− |α|2 −h.
Thus (1) is proved.
(2). As l = 0,
|ξαχ(ξ)(∂t + |ξ|2)Gˆ(ξ, t)| ≤ C|ξ||α|(1 + 2|ξ|2t)e−m2 |ξ|2t ≤ Ct−
|α|
2 .
As l = 1,
|ξαχ(ξ)∂t(∂t + |ξ|2)Gˆ(ξ, t)| = |ξαχ(ξ)ξ21Gˆ(ξ, t)| ≤ Ct−
|α|
2 .
As l = 2,
|ξαχ(ξ)∂2t (∂t + |ξ|2)Gˆ(ξ, t)| = |ξαχ(ξ)ξ21Gˆt(ξ, t)| ≤ Ct−
|α|
2
−1.
For h ≥ 1, as l = 2h+ 1,
|ξαχ(ξ)∂2h+1t (∂t + |ξ|2)Gˆ(ξ, t)|B
= |ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|
≤ Ct− |α|2 −h,
|ξαχ(ξ)∂2h+1t (∂t + |ξ|2)Gˆ(ξ, t)|Bc
= |ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|
≤ Ct− |α|2 −2h+1 ≤ Ct− |α|2 −h;
as l = 2h+ 2,
|ξαχ(ξ)∂2h+2t (∂t + |ξ|2)Gˆ(ξ, t)|B
= |ξαχ(ξ){O(|ξ|2h+4)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|
≤ Ct− |α|2 −h−1,
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|ξαχ(ξ)∂2h+2t (∂t + |ξ|2)Gˆ(ξ, t)|Bc
= |ξαχ(ξ){O(|ξ|4h+2)Gˆ(ξ, t) +O(|ξ|4h+2)Gˆt(ξ, t)}|
≤ Ct− |α|2 −2h ≤ Ct− |α|2 −h−1.
Thus (2) is proved.
(3). As l = 0,
‖(·)αGˆ1(·, t)‖L2 = (
∫
Rn
|ξαχ(ξ)Gˆ(ξ, t)|2dξ) 12
≤ C(∫
Rn
|ξ|2|α|t2e−m|ξ|2tdξ) 12
≤ Ct− |α|2 +1−n4 .
As l = 1,
‖(·)α∂tGˆ1(·, t)‖L2 = (
∫
Rn
|ξαχ(ξ)∂tGˆ(ξ, t)|2dξ) 12
≤ C(∫
Rn
|ξ|2|α|(1 + |ξ|2t)2e−m|ξ|2tdξ) 12
≤ Ct− |α|2 −n4 .
For h ≥ 1, as l = 2h,
‖(·)α∂2ht Gˆ1(·, t)‖L2
= (
∫
B
|ξαχ(ξ){O(|ξ|2h)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|2dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h−2)Gˆ(ξ, t) +O(|ξ|4h−2)Gˆt(ξ, t)}|2dξ) 12
≤ Ct− |α|2 −h+1−n4 ;
as l = 2h+ 1,
‖(·)α∂2h+1t Gˆ1(·, t)‖L2
= (
∫
B
|ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|2dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|2dξ) 12
≤ Ct− |α|2 −h−n4 .
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Thus (3) is proved.
(4). As l = 0,
‖(·)α(∂t + | · |2)Gˆ1(·, t)‖L2 = (
∫
Rn
|ξαχ(ξ)(∂t + |ξ|2)Gˆ(ξ, t)|2dξ) 12
≤ Ct− |α|2 −n4 .
As l = 1,
‖(·)α∂t(∂t + | · |2)Gˆ1(·, t)‖L2 = (
∫
Rn
|ξαχ(ξ)∂t(∂t + |ξ|2)Gˆ(ξ, t)|2dξ) 12
= (
∫
Rn
|ξαχ(ξ)ξ21Gˆ(ξ, t)|2dξ)
1
2
≤ Ct− |α|2 −n4 .
As l = 2,
‖(·)α∂2t (∂t + | · |2)Gˆ1(·, t)‖L2 = (
∫
Rn
|ξαχ(ξ)∂2t (∂t + |ξ|2)Gˆ(ξ, t)|2dξ)
1
2
= (
∫
Rn
|ξαχ(ξ)ξ21Gˆt(ξ, t)|2dξ)
1
2
≤ Ct− |α|2 −1−n4 .
For h ≥ 1, as l = 2h+ 1,
‖(·)α∂2h+1t (∂t + | · |2)Gˆ1(·, t)‖L2
= (
∫
B
|ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|2dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|2dξ) 12
≤ Ct− |α|2 −h−n4 ;
as l = 2h+ 2,
‖(·)α∂2h+2t (∂t + | · |2)Gˆ1(·, t)‖L2
= (
∫
B
|ξαχ(ξ){O(|ξ|2h+4)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|2dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h+2)Gˆ(ξ, t) +O(|ξ|4h+2)Gˆt(ξ, t)}|2dξ) 12
≤ Ct− |α|2 −h−1−n4 .
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Thus (4) is proved.
(5). As l = 0,
‖(·)αGˆ1(·, t)‖L1 =
∫
Rn
|ξαχ(ξ)Gˆ(ξ, t)|dξ
≤ Ct− |α|2 +1−n2 .
As l = 1,
‖(·)α∂tGˆ1(·, t)‖L1 =
∫
Rn
|ξαχ(ξ)∂tGˆ(ξ, t)|dξ
≤ Ct− |α|2 −n2 .
For h ≥ 1, as l = 2h,
‖(·)α∂2ht Gˆ1(·, t)‖L1
=
∫
B
|ξαχ(ξ){O(|ξ|2h)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h−2)Gˆ(ξ, t) +O(|ξ|4h−2)Gˆt(ξ, t)}|dξ
≤ Ct− |α|2 −h+1−n2 ;
as l = 2h+ 1,
‖(·)α∂2h+1t Gˆ1(·, t)‖L1
=
∫
B
|ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h)Gˆt(ξ, t)}|dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|dξ
≤ Ct− |α|2 −h−n2 .
Thus (5) is proved.
(6). As l = 0,
‖(·)α(∂t + | · |2)Gˆ1(·, t)‖L1 =
∫
Rn
|ξαχ(ξ)(∂t + |ξ|2)Gˆ(ξ, t)|dξ
≤ Ct− |α|2 −n2 .
As l = 1,
‖(·)α∂t(∂t + | · |2)Gˆ1(·, t)‖L1 =
∫
Rn
|ξαχ(ξ)∂t(∂t + |ξ|2)Gˆ(ξ, t)|2dξ
=
∫
Rn
|ξαχ(ξ)ξ21Gˆ(ξ, t)|dξ
≤ Ct− |α|2 −n2 .
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As l = 2,
‖(·)α∂2t (∂t + | · |2)Gˆ1(·, t)‖L1 =
∫
Rn
|ξαχ(ξ)∂2t (∂t + |ξ|2)Gˆ(ξ, t)|dξ
=
∫
Rn
|ξαχ(ξ)ξ21Gˆt(ξ, t)|dξ
≤ Ct− |α|2 −1−n2 .
For h ≥ 1, as l = 2h+ 1,
‖(·)α∂2h+1t (∂t + | · |2)Gˆ1(·, t)‖L1
=
∫
B
|ξαχ(ξ){O(|ξ|2h+2)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h)Gˆ(ξ, t) +O(|ξ|4h)Gˆt(ξ, t)}|dξ)
≤ Ct− |α|2 −h−n2 ;
as l = 2h+ 2,
‖(·)α∂2h+2t (∂t + | · |2)Gˆ1(·, t)‖L1
=
∫
B
|ξαχ(ξ){O(|ξ|2h+4)Gˆ(ξ, t) +O(|ξ|2h+2)Gˆt(ξ, t)}|dξ
+
∫
Bc
|ξαχ(ξ){O(|ξ|4h+2)Gˆ(ξ, t) +O(|ξ|4h+2)Gˆt(ξ, t)}|dξ
≤ Ct− |α|2 −h−1−n2 .
Thus (6) is proved. 
3 Lp − Lq estimates
The first result is the following theorem.
Theorem 3.1 Assume that u0, u1 ∈ Lp(Rn), n ≥ 3, and there exists a con-
stant r > 2, such that suppuˆ0, suppuˆ1 ⊂ Dr, then for any multi-index α and
non-negative integer l, we have that,
(1). If p ∈ [1, 2), it holds that, ∀q ∈ [ 2p
2−p
,+∞],
‖∂αx∂ltu(·, t)‖Lq ≤ Ct−
|α|
2
−[ l
2
]−n
2
( 1
p
− 1
q
)‖u0‖Lp + Ct−
|α|
2
−[ l−1
2
]−n
2
( 1
p
− 1
q
)‖u1‖Lp ;
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(2). If p = 2, it holds that, ∀q ∈ [2,+∞],
‖∂αx∂ltu(·, t)‖Lq ≤ Ct−
|α|
2
−[ l
2
]−n
2
( 1
2
− 1
q
)‖u0‖L2 + Ct−
|α|
2
−[ l−1
2
]−n
2
( 1
2
− 1
q
)‖u1‖L2.
where ‖ · ‖Lp = ‖ · ‖Lp(Rn).
Proof. Since suppuˆ0, suppuˆ1 ⊂ Dr, from (2.4) we have that
uˆ(ξ, t) = (∂t + |ξ|2)Gˆ(ξ, t)uˆ0(ξ) + Gˆ(ξ, t)uˆ1(ξ)
= (∂t + |ξ|2)Gˆ1(ξ, t)uˆ0(ξ) + Gˆ1(ξ, t)uˆ1(ξ),
it yields that
u(x, t) = (∂t −△)G1 ∗ u0(x, t) +G1 ∗ u1(x, t).
(1). Denote 1 + 1
q
= 1
p
+ 1
ρ
. If q ≥ 2p
2−p
, then ρ ≥ 2. In view of lemma 2.3,
Young inequality and interpolation formula, we have that,
‖∂αx∂ltu(·, t)‖Lq
≤ ‖∂αx∂lt(∂t −△)G1 ∗ u0(·, t)‖Lq + ‖∂αx∂ltG1 ∗ u1(·, t)‖Lq
≤ ‖∂αx∂lt(∂t −△)G1(·, t)‖Lρ‖u0‖Lp + ‖∂αx∂ltG1(·, t)‖Lρ‖u1‖Lp
≤ ‖∂αx∂lt(∂t −△)G1(·, t)‖
2
ρ
L2
‖∂αx∂lt(∂t −△)G1(·, t)‖
1− 2
ρ
L∞ ‖u0‖Lp
+‖∂αx∂ltG1(·, t)‖
2
ρ
L2
‖∂αx∂ltG1(·, t)‖
1− 2
ρ
L∞ ‖u1‖Lp
≤ C‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖
2
ρ
L2
‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖
1− 2
ρ
L1
‖u0‖Lp
+C‖(·)α∂ltGˆ1(·, t)‖
2
ρ
L2
‖(·)α∂ltGˆ1(·, t)‖
1− 2
ρ
L1
‖u1‖Lp
≤ Ct− |α|2 −[ l2 ]−n2 (1− 1ρ )‖u0‖Lp + Ct−
|α|
2
−[ l−1
2
]−n
2
(1− 1
ρ
)‖u1‖Lp
= Ct−
|α|
2
−[ l
2
]−n
2
( 1
p
− 1
q
)‖u0‖Lp + Ct−
|α|
2
−[ l−1
2
]−n
2
( 1
p
− 1
q
)‖u1‖Lp.
Thus (1) is proved.
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(2). By using lemma 2.3 and Young inequality, we have that
‖∂αx∂ltu(·, t)‖L∞
≤ ‖∂αx∂lt(∂t −△)G1 ∗ u0(·, t)‖L∞ + ‖∂αx∂ltG1 ∗ u1(·, t)‖L∞
≤ ‖∂αx∂lt(∂t −△)G1(·, t)‖L2‖u0‖L2 + ‖∂αx∂ltG1(·, t)‖L2‖u1‖L2
= ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖L2‖u0‖L2 + ‖(·)α∂ltGˆ1(·, t)‖L2‖u1‖L2
≤ Ct− |α|2 −[ l2 ]−n4 ‖u0‖L2 + Ct−
|α|
2
−[ l−1
2
]−n
4 ‖u1‖L2 .
‖∂αx∂ltu(·, t)‖L2
≤ ‖∂αx ∂lt(∂t −△)G1 ∗ u0(·, t)‖L2 + ‖∂αx∂ltG1 ∗ u1(·, t)‖L2
= ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)uˆ0‖L2 + ‖(·)α∂ltGˆ1(·, t)uˆ1‖L2
≤ ‖(·)α∂lt(∂t + | · |2)Gˆ1(·, t)‖L∞‖u0‖L2 + ‖(·)α∂ltGˆ1(·, t)‖L∞‖u1‖L2
≤ Ct− |α|2 −[ l2 ]‖u0‖L2 + Ct−
|α|
2
−[ l−1
2
]‖u1‖L2.
By using interpolation formula, we have that, for q ∈ [2,∞],
‖∂αx ∂ltu(·, t)‖Lq ≤ ‖∂αx∂ltu(·, t)‖
2
q
L2
‖∂αx∂ltu(·, t)‖
1− 2
q
L∞
≤ Ct− |α|2 −[ l2 ]−n2 ( 12− 1q )‖u0‖L2 + Ct−
|α|
2
−[ l−1
2
]−n
2
( 1
2
− 1
q
)‖u1‖L2.
Thus (2) is proved and so the theorem is proved. 
4 L1 − L∞ estimates
In the last section we have some good results by assuming the Fourier trans-
form of the initial data have special compact support. In this section we
intend to obtain the L1 − L∞ decay estimates without the assumption of
compact support.
Denote Gˆ2(ξ, t) = (1 − χ(ξ))Gˆ(ξ, t), then Gˆ(ξ, t) = Gˆ1(ξ, t) + Gˆ2(ξ, t).
Denote u(x, t) = v(x, t) + w(x, t), where v(x, t) and w(x, t) satisfying
vˆ(ξ, t) = (∂t + |ξ|2)Gˆ1(ξ, t)uˆ0(ξ) + Gˆ1(ξ, t)uˆ1(ξ)
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wˆ(ξ, t) = (∂t + |ξ|2)Gˆ2(ξ, t)uˆ0(ξ) + Gˆ2(ξ, t)uˆ1(ξ)
By direct calculation we have that
wˆ = (1− χ(ξ))[1
2
(eλ+t + eλ−t + |ξ|2Gˆ)uˆ0 + Gˆuˆ1].
Since χ ∈ C∞0 (Rn), suppχ ⊂ Dr+1 and χ|Dr = 1, we have that
‖wˆ(·, t)‖L1(Rn) ≤
∫
Dcr
[1
2
(eλ+t + eλ−t + |ξ|2Gˆ(ξ, t))|uˆ0(ξ)|+ Gˆ(ξ, t)|uˆ1(ξ)|]dξ
≤ 1
2
∫
Dcr∩E
eλ+t|uˆ0(ξ)|dξ + 12
∫
Dcr∩E
c e
λ+t|uˆ0(ξ)|dξ
+1
2
∫
Dcr
eλ−t|uˆ0(ξ)|dξ + 12
∫
Dcr
|ξ|2Gˆ(ξ, t)|uˆ0(ξ)|dξ
+
∫
Dcr∩E
Gˆ(ξ, t)|uˆ1(ξ)|dξ +
∫
Dcr∩E
c Gˆ(ξ, t)|uˆ1(ξ)|dξ.
Next we come to estimate the six terms respectively, where we will use
the facts that λ+ ≤ − ξ
2
1
|ξ|2
, if ξ ∈ Dcr.
If ξ ∈ E, then |ξ|2 ≤ 2|ξ′|2.
∫
Dcr∩E
eλ+t|uˆ0(ξ)|dξ ≤
∫
Dcr∩E
e
−
ξ21
|ξ′|2
t|uˆ0(ξ)|dξ
≤ ∫
Dcr∩E
e
−
ξ21
|ξ′|2
t 1
|ξ′|n−1(1+|ξ′|2)
dξ sup
ξ∈Rn
{|ξ′|n−1(1 + |ξ′|2)|uˆ0(ξ)|}
≤ Ct− 12‖u0‖Wn+1,1(Rn).
If ξ ∈ Ec, then |ξ|2 ≤ 2|ξ1|2.
∫
Dcr∩E
c e
λ+t|uˆ0(ξ)|dξ ≤
∫
Dcr∩E
c e
− t
2 |uˆ0(ξ)|dξ
≤ e− t2 ∫
Dcr∩E
c
1
(1+|ξ|2)
n+1
2
dξ sup
ξ∈Rn
{(1 + |ξ|2)n+12 |uˆ0(ξ)|}
≤ Ce− t2‖u0‖Wn+1,1(Rn).
Since λ− ≤ e− |ξ|
2
2
t, ∀ξ ∈ Dcr,∫
Dcr
eλ−t|uˆ0(ξ)|dξ ≤
∫
Dcr
e−
|ξ|2
2
t|uˆ0(ξ)|dξ ≤ Ct−n2 ‖u0‖L1(Rn).
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Since |ξ|2Gˆ ≤ Ceλ+t, ∀ξ ∈ Dcr, by the previous calculation we have that∫
Dcr
|ξ|2Gˆ(ξ, t)|uˆ0(ξ)|dξ ≤ C
∫
Dcr
eλ+t|uˆ0(ξ)|dξ ≤ Ct− 12‖u0‖Wn+1,1(Rn).
Since Gˆ ≤ 2λ+
λ0
, ∀ξ ∈ Dcr,
∫
Dcr∩E
Gˆ(ξ, t)|uˆ1(ξ)|dξ
≤ ∫
Dcr∩E
2eλ+t
λ0
|uˆ1(ξ)|dξ ≤ C
∫
Dcr∩E
e
−
ξ21
|ξ′ |2
t 1
|ξ′|2
|uˆ1(ξ)|dξ
≤ C ∫
Dcr∩E
e
−
ξ21
|ξ′|2
t 1
|ξ′|n−1(1+|ξ′|2)
dξ sup
ξ∈Rn
{|ξ′|n−3(1 + |ξ′|2)|uˆ1(ξ)|}
≤ Ct− 12‖u0‖Wn−1,1(Rn).
Since Gˆ ≤ teλ+t, ∀ξ ∈ Dcr,∫
Dcr∩E
c Gˆ(ξ, t)|uˆ1(ξ)|dξ ≤
∫
Dcr∩E
teλ+t|uˆ1(ξ)|dξ
≤ ∫
Dcr∩E
te−
t
2 |uˆ1(ξ)|dξ ≤ Ce− t3‖u0‖Wn+1,1(Rn).
By combining the six inequalities, we obtain that
‖wˆ(·, t)‖L1(Rn) ≤ Ct− 12‖(u0, u1)‖Wn+1,1(Rn).
It yields that
‖w(·, t)‖L∞(Rn) ≤ Ct− 12‖(u0, u1)‖Wn+1,1(Rn).
From theorem 3.1 we know that v(x, t) satisfies,
‖v(·, t)‖L∞(Rn) ≤ Ct−(n2−1)‖(u0, u1)‖L1(Rn).
Since n ≥ 3, the solution u(x, t) to the equation (1.1) satisfies,
‖u(·, t)‖L∞(Rn) ≤ Ct− 12‖(u0, u1)‖Wn+1,1(Rn).
Thus we obtain the following decay estimate.
Theorem 4.1 Assume that u0, u1 ∈ W n+1,1(Rn), n ≥ 3, then the solution
u(x, t) to the equation (1.1) satisfies,
‖u(·, t)‖L∞(Rn) ≤ Ct− 12‖(u0, u1)‖Wn+1,1(Rn).
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